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                \begin{document}$$Q=c,b$$\end{document}$) production rates from all LHC experiments during Run 1 \[[@CR1]--[@CR27]\] have shown agreement, within the estimated systematics, between data and theoretical predictions \[[@CR28]--[@CR31]\]. These systematics are typically dominated by theoretical uncertainties, which are very large: the renormalisation and factorisation scale dependence, the value of the heavy-quark mass, and, to a lesser extent, the uncertainties of the parton distribution functions (PDFs). In particular, the scale uncertainty at small transverse momentum $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p_T$$\end{document}$ (namely $\documentclass[12pt]{minimal}
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                \begin{document}$$p_T\sim m_Q$$\end{document}$, where $\documentclass[12pt]{minimal}
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                \begin{document}$$m_Q$$\end{document}$ is the heavy-quark mass) reaches values in the range of $\documentclass[12pt]{minimal}
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                \begin{document}$$\sim $$\end{document}$100 % in the case of the charm quark, and of $\documentclass[12pt]{minimal}
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                \begin{document}$$\sim $$\end{document}$50 % for the bottom quark. This situation prevents the use of heavy quarks for precision measurements. This is frustrating, since the experiments have proven their ability to measure charm and bottom quarks in regions of small $\documentclass[12pt]{minimal}
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                \begin{document}$$p_T$$\end{document}$, as well as of large rapidity, where production properties probe very interesting dynamical regimes, and are sensitive to the gluon PDFs in both the small- and the large-*x* regions.[1](#Fn1){ref-type="fn"} This is shown for example in Fig. [1](#Fig1){ref-type="fig"}, where we plot, at leading order (LO) in QCD, the distribution of partonic *x* values in final states of *pp* collisions at $\documentclass[12pt]{minimal}
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                \begin{document}$$\sqrt{S}=13$$\end{document}$ TeV where a charm quark is produced in the rapidity range $\documentclass[12pt]{minimal}
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                \begin{document}$$4<\vert y \vert < 5$$\end{document}$. For small-$\documentclass[12pt]{minimal}
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                \begin{document}$$p_T$$\end{document}$ production, one probes *x* values in the region $\documentclass[12pt]{minimal}
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                \begin{document}$$p_T \gtrsim 30$$\end{document}$ GeV one probes $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x\gtrsim 0.2$$\end{document}$.Fig. 1Distribution of partonic fractional momentum *x* in charm pair production, at LO in *pp* collisions at $\documentclass[12pt]{minimal}
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                \begin{document}$$\sqrt{S}=13$$\end{document}$ TeV. Events are required to have a charm quark in the forward region, $\documentclass[12pt]{minimal}
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                \begin{document}$$4<\vert y \vert <5$$\end{document}$. The different curves correspond to various minimum thresholds for the quark $\documentclass[12pt]{minimal}
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                \begin{document}$$p_T$$\end{document}$, namely 0, 5 and 30 GeV. All curves are equally normalised

In Ref. \[[@CR31]\] it was suggested to use, for PDF studies, only the information encoded in the shape of heavy-quark differential distributions, since this is more stable with respect to theoretical uncertainties. In this work, we show that the predictivity of the theoretical calculations can be improved by considering appropriate observables, exploiting the future availability of LHC results at different energies, namely $\documentclass[12pt]{minimal}
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                \begin{document}$$\sqrt{S}=13$$\end{document}$ TeV in addition to the lower energy data already available at 7 and 8 TeV.[2](#Fn2){ref-type="fn"} The main idea, introduced in a general context in Ref. \[[@CR32]\], is to consider ratios of kinematical distributions of heavy quarks---e.g. inclusive $\documentclass[12pt]{minimal}
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                \begin{document}$$p_T$$\end{document}$ and *y* spectra---at different energies.[3](#Fn3){ref-type="fn"} For a given parton-level kinematics, the structure of the logarithmic dependence on the renormalisation and factorisation scales is independent of the beam energy, since it just depends on the partonic momenta. This allows one, when studying the scale dependence of the cross-section ratios, to correlate the scale choice made at the two energies, leading to a major reduction in the sensitivity to the scale variation. On the other hand, the same $\documentclass[12pt]{minimal}
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                \begin{document}$$(p_T,y)$$\end{document}$ kinematics selects initial-state partons with different values of *x*, since at fixed *y* we have $\documentclass[12pt]{minimal}
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                \begin{document}$$x\propto p_T/\sqrt{S}$$\end{document}$. This means that, even though the choice of PDF at the two energies must be correlated, PDFs having different *x* dependence will predict different values for the cross-section ratios, leading to possibly useful constraints for the PDF fits. Other parameters such as the heavy-quark mass, or, when it comes to the complete prediction of realistic final states, fragmentation fractions to specific hadrons, fragmentation functions and decay branching ratios, are also fully correlated at different energies and lead to totally negligible systematics in the cross-section ratios.

The main outcome of these considerations is that, on the basis of the measurements already performed at 7 TeV, one can predict with much greater accuracy the cross sections at 13 TeV, and possibly be sensitive to the (mostly gluon) PDF in regions where it is not yet well constrained by data. In the rest of the paper we analyse more quantitatively these statements, focusing on the potential of the LHCb and, partly, ALICE experiments to combine results from the forthcoming 13 TeV runs and previous 7 or 8 TeV runs. As part of this work, we also update to 13 TeV the complete predictions for absolute cross sections presented in Ref. \[[@CR28]\]. We refer to this work for the detailed description of the general framework of our calculations, and for the earlier literature.

General considerations {#Sec2}
======================

The strong scale dependence in charm and bottom pair production is mostly the consequence of the large corrections \[[@CR35]--[@CR37]\] at the next-to-leading order (NLO), and possibly beyond. This is due in part to the intrinsically large value of $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha _S(\mu )$$\end{document}$ at the relevant scales $\documentclass[12pt]{minimal}
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                \begin{document}$$\mu \sim m_Q$$\end{document}$, and in part to the emergence of new processes at $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{O}(\alpha _S^3)$$\end{document}$. The large uncertainty can be mitigated in the regime of $\documentclass[12pt]{minimal}
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                \begin{document}$$p_T \gg m_Q$$\end{document}$, where the dominant higher-order contributions have a universal logarithmic behaviour that allows for their resummation \[[@CR38]\]. At lower $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p_T$$\end{document}$ values, where we can only rely on the fixed-order NLO QCD calculation,[4](#Fn4){ref-type="fn"} the scale dependence reaches values in the range of $\documentclass[12pt]{minimal}
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                \begin{document}$$\sim $$\end{document}$100 % in the case of the charm quark, and of $\documentclass[12pt]{minimal}
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                \begin{document}$$\sim $$\end{document}$50 % for the bottom quark. This situation is shown in more detail in Figs. [2](#Fig2){ref-type="fig"} and [3](#Fig3){ref-type="fig"}. These show, for *pp* collisions at $\documentclass[12pt]{minimal}
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                \begin{document}$$\sqrt{S} = 13$$\end{document}$ TeV,[5](#Fn5){ref-type="fn"} the production cross section $\documentclass[12pt]{minimal}
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                \begin{document}$$d\sigma /dy$$\end{document}$ for charm and bottom quarks, calculated at the NLO. The scale uncertainty is estimated using, as usual, the envelope of the 7-point scale variation:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} (\mu _R,\mu _F)= & {} [(1/2,1/2),(1,1/2),(1/2,1),\nonumber \\&(1,1),(1,2),(2,1)]\times m_T, \end{aligned}$$\end{document}$$with $\documentclass[12pt]{minimal}
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                \begin{document}$$m_T = \sqrt{m_Q^2 + p_T^2}$$\end{document}$. The scale uncertainty easily dwarves all other sources of uncertainties, namely the heavy-quark mass value and PDFs. This is especially true at small transverse momentum $\documentclass[12pt]{minimal}
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                \begin{document}$$p_T$$\end{document}$ and central rapidity *y*. Figures [4](#Fig4){ref-type="fig"} and [5](#Fig5){ref-type="fig"} show the same data but normalised to the central theoretical prediction. The relative size of the various uncertainties can be better appreciated here.Fig. 2Charm quark rapidity distributions at $\documentclass[12pt]{minimal}
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                \begin{document}$$\sqrt{S}=13$$\end{document}$ TeVFig. 3Bottom quark rapidity distributions at $\documentclass[12pt]{minimal}
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                \begin{document}$$\sqrt{S}=13$$\end{document}$ TeVFig. 4Charm quark rapidity distributions at $\documentclass[12pt]{minimal}
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                \begin{document}$$\sqrt{S}=13$$\end{document}$ TeV, normalised to the central theoretical predictionFig. 5Bottom quark rapidity distributions at $\documentclass[12pt]{minimal}
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                \begin{document}$$\sqrt{S}=13$$\end{document}$ TeV, normalised to the central theoretical prediction

As anticipated in the Introduction, we shall consider here the ratio of differential distributions between different $\documentclass[12pt]{minimal}
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                \begin{document}$$\sqrt{S}$$\end{document}$ values. In particular, we focus on the rapidity spectra and define$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} R(y) \equiv \frac{\mathrm{d}\sigma /\mathrm{d}y \,(13\,\mathrm {TeV})}{\mathrm{d}\sigma /\mathrm{d}y \,(7\,\mathrm {TeV})} \end{aligned}$$\end{document}$$We argued before that, in the evaluation of the scale uncertainty, it is justified to correlate the scale choices made at the two energies. This is because the scale of the process is in fact independent of the collision energy, and it is mainly a function of the process transverse kinematics.

Higher-order corrections not directly related to the regularisation process could be more or less enhanced by a higher-energy regime. This is in principle the case of the so-called small-*x* logarithmic effects \[[@CR41], [@CR42]\]. However, the evolution in energy from 7 to 13 TeV is not sufficient to expose large effects. As a sanity check of this statement, we compare the NLO predictions for the *R*(*y*) ratios to the LO ($\documentclass[12pt]{minimal}
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                \begin{document}$$R^{(\mathrm LO)}_\mathrm{max,\mathrm min}(y)$$\end{document}$ as the upper and lower extremes in the envelope of $\documentclass[12pt]{minimal}
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                \begin{document}$$R^{(\mathrm LO)}(y)$$\end{document}$ values obtained by scanning over the scales choices given in Eq. ([1](#Equ1){ref-type=""}), and defining the centre of the NLO envelope by $\documentclass[12pt]{minimal}
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                \begin{document}$$R_{0}(y)=(R_\mathrm{max}(y)+R_\mathrm{min}(y))/2$$\end{document}$, Fig. [6](#Fig6){ref-type="fig"} shows the following distributions, for different charm $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathrm {Solid~lines}{:} \quad \frac{R_\mathrm{max}(y)}{R_0(y)} \quad \mathrm {and} \quad \frac{R_\mathrm{min}(y)}{R_0(y)} \; , \nonumber \\ \mathrm {Dahed~lines}{:} \quad \frac{R^\mathrm{LO}_\mathrm{max}(y)}{R_0(y)} \quad \mathrm {and} \quad \frac{R^\mathrm{LO}_\mathrm{min}(y)}{R_0(y)} \;. \end{aligned}$$\end{document}$$Figure [6](#Fig6){ref-type="fig"} shows that our assumption, that a standard scale variation with the same choice of the scales in the numerator and denominator yields a reasonable estimate of the perturbative uncertainty, is verified when going from a LO to an NLO calculation. In fact, the difference between the LO and NLO result is always well below the error that is estimated using the scale variation in the LO result. In other words, *R*(*y*) is very stable with respect to radiative corrections, in spite of the fact that the NLO leads to a *K* factor larger than 2 for the absolute rates. We also notice that the NLO uncertainty on *R*(*y*) is only mildly reduced with respect to the LO one, and mostly for the higher $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p_T$$\end{document}$ values. The effect is minimal since, as is well known for charm production, the absolute scale uncertainty at NLO is of the same order of magnitude as at LO. Nevertheless, we see confirmed the expectation that the scale dependence of the ratio is much smaller than that of the rates at the individual energies, being in the 5--10 % range, depending on $\documentclass[12pt]{minimal}
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                \begin{document}$$p_T$$\end{document}$ and *y*.Fig. 6Relative uncertainty in the ratios of the charm rapidity differential distribution between 13 and 7 TeV, for different $\documentclass[12pt]{minimal}
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                \begin{document}$$p_T$$\end{document}$ ranges. The *solid* (*dashed*) *lines* represent the spread of scale dependence at NLO (LO), relative to the centre of the NLO band

Results {#Sec3}
=======

We show in this section the complete determination of the ratio systematics, including the other sources of uncertainty. From now on we only consider the NLO results for *R*(*y*). The ratios *R*(*y*) are calculated using at both centre-of-mass energies the same renormalisation/factorisation scales, the same mass values and the same PDF set members. As a reference PDF set for this study, we use the recent NNPDF30$\documentclass[12pt]{minimal}
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                \begin{document}$$\_$$\end{document}$0118 \[[@CR43]\], as implemented in LHAPDF \[[@CR44]\].

The *R*(*y*) distributions, for various $\documentclass[12pt]{minimal}
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                \begin{document}$$p_T$$\end{document}$ thresholds, are shown in Figs. [7](#Fig7){ref-type="fig"} and [8](#Fig8){ref-type="fig"}. Thanks to the important suppression of the scale dependence, the overall uncertainties are greatly reduced and are now of order 10 % rather than 50--100 %. More importantly, the PDF uncertainty can now become the dominant one,[6](#Fn6){ref-type="fn"} if one considers production at sufficiently low transverse momentum and sufficiently forward rapidity.Fig. 7Ratio of charm quark rapidity distributions in *pp* collisions at $\documentclass[12pt]{minimal}
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                \begin{document}$$\sqrt{S}=7$$\end{document}$ TeV collisions in the LHCFig. 8Ratio of bottom quark rapidity distributions in *pp* collisions at $\documentclass[12pt]{minimal}
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In order to reduce uncertainties even further, one can consider taking a double ratio, and normalise the 13-over-7 cross-section ratios to those measured at a given value of rapidity, as suggested in Ref. \[[@CR31]\]. Figures [9](#Fig9){ref-type="fig"} and [10](#Fig10){ref-type="fig"} show that, when this is done (in this case using $\documentclass[12pt]{minimal}
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                \begin{document}$$y=0$$\end{document}$ as a reference point) the PDF uncertainty remains by far the dominant one.Fig. 9Same as Fig. [7](#Fig7){ref-type="fig"}, but with further normalisations to the values of the ratios at $\documentclass[12pt]{minimal}
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                \begin{document}$$y=0$$\end{document}$Fig. 10Same as Fig. [8](#Fig8){ref-type="fig"}, but with further normalisations to the values of the ratios at $\documentclass[12pt]{minimal}
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This suggests that the double ratio$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathrm{RR}(y,\bar{y})=\frac{R(y)}{R(\bar{y})}, \end{aligned}$$\end{document}$$with $\documentclass[12pt]{minimal}
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                \begin{document}$$\bar{y}$$\end{document}$ conveniently chosen, can represent a powerful handle for an even more precise determination of the gluon PDFs.

A feature that can be observed in Fig. [9](#Fig9){ref-type="fig"} (and, to a lesser extent, also in Fig. [7](#Fig7){ref-type="fig"}) deserves an explanation. One can see how the scale variation band suddenly grows and then decreases around $\documentclass[12pt]{minimal}
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                \begin{document}$$y\simeq 2$$\end{document}$. We have examined this behaviour in some detail, and found that it can be attributed to the behaviour of the gluon PDF at very small factorisation scale. Figure [11](#Fig11){ref-type="fig"}(left) shows the rapidity distribution of charm (integrated down to $\documentclass[12pt]{minimal}
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As the centre-of-mass energy grows, $\documentclass[12pt]{minimal}
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It is clear that this effect has to do with the behaviour of the parton densities at very small scales. On the other hand, we have observed the same behaviour also with the MMHT PDF set \[[@CR45]\]. In this work we rely upon the correctness of the PDF's in this region. However, further investigation of this issue in the framework of PDF fits may be desirable.

FONLL transverse momentum distributions {#Sec4}
=======================================

The higher centre-of-mass energy of the Run 2 at the LHC will allow experiments to measure charm and bottom hadrons up to transverse momenta much larger than those observed during Run 1. Using an integrated luminosity of about 15 nb$\documentclass[12pt]{minimal}
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Figure [12](#Fig12){ref-type="fig"} shows the $\documentclass[12pt]{minimal}
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                \begin{document}$$4 < y < 4.5$$\end{document}$ (*right plot*). The predictions at 7 TeV are also shown for comparison

Figure [13](#Fig13){ref-type="fig"} shows the ratio of the same distributions at 13 and at 7 TeV, showing to what extent the uncertainties originating from scale variations and from PDFs do cancel. The interesting observation here is that, in the most forward rapidity bin, $\documentclass[12pt]{minimal}
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Notice that, in order to fully exploit the sensitivity to PDFs via the cross-section ratios at high-$\documentclass[12pt]{minimal}
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Conclusions {#Sec5}
===========

In spite of the well-known limited theoretical precision, we have given evidence in this paper that measurements of appropriate observables built upon open heavy-quark production rates offer a great potential for sensitive tests of and constraints on the gluon PDF. The cross-section ratios that we have introduced are very robust with respect to higher-order corrections, in spite of the large *K* factors that characterise the absolute rates at a given energy. The step in energy from $\documentclass[12pt]{minimal}
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                \begin{document}$$p_T$$\end{document}$ can expose small differences in the *x*-distributions of the members of current PDF sets. In several cases, these differences can affect the predictions for cross-section ratios at the 5--10 % level, larger than the other sources of theoretical systematics. While experimental measurements at this level of precision are challenging, we expect that suitable analyses of ratios should be doable, to benefit from similar cancellations of the systematics of experimental origin.

Appendix {#Sec6}
========

This appendix contains the values of the FONLL predictions for $\documentclass[12pt]{minimal}
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It is a well-known fact, which we do not need to corroborate further with explicit figures, that charm and bottom production in *pp* collisions is fully dominated by *gg* initial states.

In the rest of this work we focus on the 7 TeV data, since it is at this energy that most---if not all---of the charm and bottom production measurements have been reported.

While this work was in preparation, Ref. \[[@CR33]\] also considered energy ratios in the context of heavy-quark production, while Ref. \[[@CR34]\] studied the total charm hadroproduction cross section using two different charm mass schemes and multiple PDF sets.

NNLO results for differential distributions of heavy-quark pair production are in principle known \[[@CR39], [@CR40]\]. In practice, the calculation of the differential transverse momentum spectra for charm and bottom quarks still requires dedicated numerical studies by the authors of the original NNLO calculations.

The situation at a centre-of-mass energy of 7 TeV, not shown, is qualitatively identical.

Note that the uncertainty due to the mass value is not shown as it is always totally negligible with respect to the others.
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